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Nonmaximally entangled states can be better for quantum correlation distribution and storage
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For carrying out many quantum information protocols entanglement must be established in advance between
two distant parties. Practically, inevitable interaction of entangled subsystems with their environments during
distribution and storage will result in degradation of entanglement. Here we investigate the decoherence of two-
qubit entangled states in the local amplitude noise. We show that there exists a set of partially entangled states
that are more robust than maximally entangled states in terms of the residual quantum correlation measured by
concurrence, fully entangled fraction, and quantum discord. This result indicates that nonmaximally entangled
states can outperform maximally entangled states for quantum correlation distribution and storage under the
amplitude damping. It also educes a notable consequence that the ordering of states under quantum correlation
monotones can be reversed even by local trace-preserving and completely positive maps.
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Establishing quantum entanglement between two distant
parties is a prerequisite for many fundamental tests of quan-
tum theory and numerous protocols in long-range quantum
information processing [1]. There are three general ways
for providing long-distance entanglement. One is to pre-
pare a bipartite entangled pure state in a server and then
physically send two subsystems to two distant parties, re-
spectively. Note that the entanglement of distributed flying-
systems could be transferred to two static systems [2]. The
second relies on the successive interactions of a carrier quan-
tum system with two distant particles [3]. The third is based
on the interference of two photons emitted, respectively,
from two distant massive qubits [4]. All these methods are
usually utilized to create entanglement between two quantum
repeaters or two chosen nodes of a quantum network [4, 5].
The above scenarios involve entanglement distribution
and storage. During these processes the entangled systems
unavoidably interact with their environments, respectively,
which results in degradation of established entanglement be-
tween the two parties. Investigating the robustness of entan-
gled states in noise environments may help to gain some in-
sight into the properties of decoherence and entanglement,
which will provide useful hints for maintaining entangle-
ment. Many efforts have been devoted to the study of dynam-
ics of entanglement or quantum correlation for a given initial
two-qubit entangled state in various environments (see, e.g.,
[6]). In this Brief Report, we are going to focus on the ques-
tion of maximal residual entanglement or quantum correla-
tion of two-qubit cat-like states for given local noises and
decoherence strengths. It has been shown that the residual
entanglement is proportional to the initial entanglement of
the cat-like state in the case of one-side noise [7], which im-
plies that the maximal residual entanglement is attained iff
the initial state is maximally entangled. The purpose of this
Brief Report is to explicitly demonstrate the counterintuitive
phenomenon in the case of two-side noises.
The noise environment considered in this work is the
amplitude-damping environment [8]. Amplitude-damping
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decoherence is applicable to many practical qubit systems,
including vacuum-single-photon qubit with photon loss,
atomic qubit with spontaneous decay, and superconducting
qubit with zero-temperature energy relaxation. The action of
an amplitude-damping environment E on a single qubit state
̺ can be described as
̺→ E(̺) = M0̺M+0 +M1̺M+1 , (1)
where M0 and M1 are the Krauss operators defined by
M0 =
(
1 0
0
√
d
)
, M1 =
(
0
√
d
0 0
)
(2)
with 0 6 d 6 1 and d = 1 − d. The amplitude-damping en-
vironment is trace preserving, that is,
∑
j=0,1M
+
j Mj = I .
Note that d = 0 denotes the noise-free case. For d = 1, the
state E(̺) reduces to a classical state. Therefore, throughout
this Brief report, we only consider the decoherence strength
0 < d < 1.
We use three different measures, that is, concurrence [9],
fully entangled fraction (FEF) [11], and quantum discord
(QD) [12], to quantify the quantum correlation of the de-
coherent state evolving from the initial entangled state under
the action of amplitude-damping environment. Concurrence
is related straightforwardly to the entanglement of formation
and has been considered as a dependable measure of entan-
glement for two-qubit entangled states [9]. FEF, which ex-
presses the purity of a mixed state ρ, plays a central role in
quantum teleportation and entanglement distillation [11, 13],
and may show different properties from concurrence [14].
QD has been regarded as a more general measure of non-
classical correlations than entanglement and even survives
entanglement [12], and has been proposed as the key re-
source present in certain quantum computational models and
quantum communication tasks without containing much en-
tanglement [15]. We show that each of the three measures
reaches its maximum value when the initial two-qubit pure
state is a nonmaximally entangled state but not maximally
entangled state. More importantly, there exists a set of par-
tially entangled states, and when the initial state belongs to
this set, all the aforementioned quantities of the decoherent
state are larger than that in the case where the initial state is
maximally entangled. That is to say, some partially entan-
2gled states can outperform maximally entangled states for
acting as the initial state.
Supposing that two qubits are initially in an entangled
state
|ψ〉 = √u|0〉|0〉+√ueiϕ|1〉|1〉, (3)
where 0 6 u 6 1, u = 1 − u, and {|0〉, |1〉} denotes the
computational basis. The entanglement of |ψ〉 can be quanti-
fied by concurrence. For a two-qubit state ρ the concurrence
is given by C(ρ) = max{0,√ω1 − √ω2 − √ω3 − √ω4},
where {ωi} are the eigenvalues of ρ(σy ⊗ σyρ∗σy ⊗ σy) in
decreasing order with ρ∗ the complex conjugation of ρ and
σy the conventional Pauli matrix [9]. After a simple calcu-
lation one can obtain C(|ψ〉) = 2√uu. Obviously, C(|ψ〉)
is equal to unit if u = 1/2, which means that |ψ〉 is a
maximally entangled state, denoted by |ψm〉, in this case.
We now consider that each qubit undergoes an amplitude-
damping decoherence during transmitting or storing. The
maximally entangled state |ψm〉 was usually utilized to im-
plement many quantum information protocols, e.g., quantum
teleportation [10]. The following discussions suggest that
|ψ〉 with u 6= 1/2 could be better than |ψm〉 for performing
these tasks in the amplitude-damping environment. For con-
venience in analysis, we assume the decoherence strengths
of two qubits are the same (which makes no difference to the
final conclusion). Then the state |ψ〉 is degraded into
ρd,u =
∑
j,k=0,1
Mj ⊗Mk|ψ〉〈ψ|M+j ⊗M+k
=


u+ ud2 0 0 d
√
uue−iϕ
0 udd 0 0
0 0 udd 0
d
√
uueiϕ 0 0 ud
2

 , (4)
where d denotes the decoherence strength of each qubit in
the noise environment. The superscripts of ρ denote that the
state ρ is dependent on the parameters d and u.
The concurrence of ρd,u is given by
C(ρd,u) = max
{
0, 2d
(√
uu− ud
)}
. (5)
It can be seen that C(ρd,u) = 0 if √u/u < d, which means
the occurrence of entanglement sudden death [16]. For a
given d, the maximum value of C(ρd,u) is
C(ρd,u=um) = d
(√
1 + d2 − d
)
(6)
with
um =
1
2
+
d
2
√
1 + d2
. (7)
C(ρd,u=1/2) < C(ρd,u=um) implies an interesting phe-
nomenon that the decoherent state ρd,u has the maximal
amount of entanglement if the initial state |ψ〉 is an appro-
priate partially entangled state but not maximally entangled
state. This result is different from that in the case of one-side
noise where the decoherent state has the maximal amount of
entanglement in terms of concurrence when the initial state
is maximally entangled (i.e, u = 1/2) [7, 14]. Particularly,
if
1
2
< u = u′ <
1
2
+
d
1 + d2
, (8)
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FIG. 1: (Color online) The residual entanglement C(ρd,u) versus
the initial entanglement C(|ψ〉) for 1/2 6 u 6 1.
the corresponding concurrence is larger than that in the case
of u = 1/2, that is, C(ρd,u′) > C(ρd,1/2). The above re-
sult implies that the amount of entanglement of ρd,u is not
monotonic with respect to that of |ψ〉. For showing this more
clearly, we rewrite C(ρd,u) as a function of C(|ψ〉),
C(ρd,u) = d
[
C(|ψ〉) − d
(
1−
√
1− C(|ψ〉)2
)]
for
1
2
6 u 6 1, (9)
C(ρd,u) = max
{
0, d
[
C(|ψ〉)− d
(
1 +
√
1− C(|ψ〉)2
)]}
for 0 6 u <
1
2
. (10)
Figure 1 shows that when 1/2 6 u 6 1, C(ρd,u) is indeed
non-monotonic with respect to C(|ψ〉) for an arbitrarily given
d. In fact, C(ρd,u) takes the extremum C(ρd,um) on condition
that C(|ψ〉) is equal to 1/√1 + d2 but not one.
FEF, another important entanglement measure, may be-
have differently from concurrence. For example, if the con-
currence of a mixed state ρ1 is larger than the concurrence
of a mixed state ρ2, one cannot conclude that the FEF of ρ1
is also larger than the FEF of ρ2 [14]. FEF is defined as the
maximum overlap of the state ρ with a maximally entangled
state,
F(ρ) = max
|φ〉
〈φ|ρ|φ〉 (11)
with the maximization taken over all maximally entangled
states |φ〉. If and only if F(ρ) is larger than 1/2, quan-
tum teleportation can exhibit its superiority over the clas-
sical strategy and entanglement distillation can be carried
out effectively in the protocols based on the resource state
ρ [11, 13]. As a matter of fact, the larger the FEF F(ρ) is,
the higher teleportation fidelity and entanglement distillation
efficiency can be achieved [11, 13]. For two-qubit systems
F(ρ) can be analytically expressed by [17]
F(ρ) = 1 + ν1 + ν2 − sgn[det(T˜ )]ν3
4
, (12)
3where {νi} are the decreasingly ordered singular values of
the 3 × 3 real matrix T˜ = [Tr(ρσi ⊗ σj)]3×3 with {σi, i =
1, 2, 3} the Pauli matrices and sgn[det(T˜ )] is the sign of the
determinant of T˜ . In our case, the FEF can be calculated to
be
F(ρd,u) = 1
2
+ d
(√
uu− ud
)
. (13)
It can be easily verified that F(ρd,u) gives the maximum
F(ρd,u=um) = 1
2
+
d
2
(√
1 + d2 − d
)
(14)
and that F(ρd,u′) > F(ρd,1/2). However, FEF is not
an entanglement monotone as it may increase under trace-
preserving local operations and classical communication
(TPLOCC) for mixed states [17–19]. This leads to the ad-
vent of the concept of the maximum achievable FEF given
by
F∗(ρ) = max
TPLOCC
F(ρ) > F(ρ) (15)
for any 2⊗2 density matrix ρ [19]. F∗(ρ) was shown to be an
entanglement monotone [19]. Thus F(ρd,1/2) < F(ρd,u′)
does not necessarily lead to F∗(ρd,1/2) < F∗(ρd,u′). For a
mixed state of two qubits ρ, it has been proved that [20]
F∗(ρ) 6 1 +N (ρ)
2
, (16)
where N(ρ) denotes the negativity [21] of ρ given by
N (ρ) = max{0,−2λm} with λm the minimal eigenvalue
of the partial transpose of ρ denoted as ρΓ. The equality
is achieved iff the eigenvector corresponding to the negative
eigenvalue of ρΓ is maximally entangled [20], and this con-
dition is equivalent to the condition N (ρ) = C(ρ). In our
case,
F∗(ρd,u) = F(ρd,u) = 1 +N (ρ
d,u)
2
(17)
if
√
u/u > d corresponding to F(ρd,u) > 1/2. Note that
for the values of u given in Eq. (8) the condition
√
u/u > d
is naturally satisfied. In these cases, therefore, there is no
benefit from local processing of the state ρd,u. In other
words, TPLOCC is not required for obtaining the maxi-
mum achievable FEF. Now, we can safely conclude that
F∗(ρd,u′) > F∗(ρd,1/2) and F∗(ρd,u) gives the extremum
F∗(ρd,um) = F(ρd,um) when the initial state |ψ〉 is a par-
tially entangled state with u = um. In fact, F∗(ρd,u) has the
same behavior as C(ρd,u) for the case√u/u > d.
QD is a more general measure of nonclassical correlation
than entanglement [12] and may exhibit different features
from concurrence and FEF. Thus, it is necessary to inves-
tigate the QD of the decoherent state ρd,u in Eq. (4). For
a given quantum state ρAB of a composite bipartite system
AB, QD is defined as the difference of the quantum mutual
information and the classical correlation [12]. The quan-
tum mutual information is given by I(ρAB) = S(ρA) +
S(ρB)− S(ρAB), where S(ρ) = −Tr(ρ log2 ρ) denotes the
von Neumann entropy and ρA (ρB) is the reduced density
matrix for subsystem A (B). The classical correlation is
quantified by JA(ρAB) = S(ρB) −minEA
k
∑
k pkS(ρ
B|k),
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FIG. 2: (Color online) The concurrence C(ρAB) (dashed and red
line) and the QD D(ρAB) (solid and blue line) versus the parameter
u of the initial state for a given decoherence strength d. (a) d = 0.8;
(b) d = 0.6; (c) d = 0.4; (d) d = 0.2.
where the minimum is taken over all possible positive op-
erator valued measures (POVMs) or von Neumann mea-
surements {EAk } on subsystem A with pk = Tr(EAk ρAB)
and ρB|k = TrA(EAk ρAB)/pk. Then QD is given byDA(̺AB) = I(ρAB) − JA(ρAB). Generally, it is very
difficult to analytically compute the classical correlation
JA(ρAB) due to the difficulty of finding the optimal mea-
surement for minimizing
∑
k pkS(ρ
B|k). Fortunately, the
state ρd,u in Eq. (4) is a particular case of X-states whose
QDs have been intensely investigated [22, 23]. For a real
X-state
XAB =


ρ00 0 0 ρ03
0 ρ11 ρ12 0
0 ρ12 ρ22 0
ρ03 0 0 ρ33

 (18)
with |ρ12 + ρ03| > |ρ12 − ρ03|, it has been proved [23] that
the optimal measurement for DA(XAB) is σAz if (|ρ12| +
|ρ03|)2 6 (ρ00 − ρ11)(ρ33 − ρ22) or σAx if |√ρ00ρ33 −√
ρ11ρ22| 6 |ρ12|+ |ρ03|. Via a local unitary transformation,
which preserves the QD, the complex factors e±iϕ in the
state ρd,u can be directly removed and ρd,u is transformed
into a real X-state. Therefore, we can drop the factors e±iϕ
when we evaluate the QD D(ρd,u), and the theorem above is
applied to the state ρd,u. Then it can be easily verified that
ρd,u satisfies the latter condition in the theorem and the opti-
mal measurement for D(ρd,u) is σx. After a straightforward
calculation we obtain the QD of such a state
D(ρd,u) =
4∑
i=1
λi log2 λi −
8∑
j=5
λj log2 λj , (19)
where
λ1,2 = udd,
λ3,4 =
1
2
(1− 2udd)± 1
2
√
1− 4udd,
λ5,6 =
1
2
± 1
2
√
1− 4udd,
λ7 = u+ ud, λ8 = ud. (20)
4Here we have dropped the qubit index in D(ρd,u) because
ρd,u is invariant under permutation of the two qubits. Figure
2 shows that for a given d it does not occur in the case u =
1/2 that D(ρd,u) reaches the extremum. This indicates that
if the initial state |ψ〉 is a suitable partially entangled state
(u 6= 1/2), the QD D(ρd,u) will attain the maximum value.
As shown above, the concurrence, maximum achievable
FEF, and QD of the decoherent state ρd,u in Eq. (4) have the
same feature that each of them attains its maximum value
iff the initial state |ψ〉 is a suitable partially entangled state.
That is, C(ρd,u), F∗(ρd,u), and D(ρd,u) achieve their ex-
trema iff u is equal to u1 = um 6= 1/2, u2 = um,
and u3 6= 1/2, respectively. It is worth pointing out that
for different values of d different optimal values of concur-
rence, FEF, and QD are obtained, respectively. The cor-
responding partially entangled states are different as well.
Furthermore, for u′ ∈ (1/2, u′0) and u′′ ∈ (1/2, u′′0) we
have C(ρd,u′) > C(ρd,1/2), F∗(ρd,u′) > F∗(ρd,1/2), and
D(ρd,u′′) > D(ρd,1/2). Note that u1 = u2 6= u3 and
u′0 6= u′′0 (see Fig. 2), which provides a new example of
showing the different behaviors of QD and entanglement.
The above results indicate that if the initial state |ψ〉 belongs
to a suitable set of partially entangled states, all the concur-
rence, maximum achievable FEF, and QD of the decoherent
state ρd,u are larger than that in the case where |ψ〉 is max-
imally entangled. Therefore, we conclude that partially en-
tangled states can outperform maximally entangled states for
acting as the initial entangled state. It is easy to verify that all
the concurrence, maximum achievable FEF, and QD of the
initial state |ψ〉 reach their maximum values when u=1/2.
Thus the results obtained above also imply that the order-
ing of states under concurrence, maximum achievable FEF,
and QD can be reversed, respectively, even though the states
undergo identical local interactions via trace-preserving and
completely positive maps.
In conclusion, we have investigated the robustness of two-
qubit cat-like states in the amplitude-damping environment.
We demonstrated that nonmaximally entangled states can be
better than maximally entangled states for quantum correla-
tion distribution and storage. The obtained results may be
of practical importance for quantum information processing
as well as contribute to our understanding of quantum noises
and quantum correlations. By the way, it has also been re-
ported that nonmaximally entangled states can outperform
maximally entangled states for several quantum tasks [24].
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